Recent data of reactor neutrino experiments set more stringent constraints on leptonic mixing patterns.
I. INTRODUCTION
Recent reactor neutrino experiments have confirmed a nonzero θ 13 [1] [2] [3] [4] [5] , which opens the window to determine the Dirac CP violation phase and the octant of θ 23 . These experiment results also set more stringent constraints on the theoretical models of neutrinos. As a challenge brought by the progress of experiments, few models based on symmetries [6] can fit the experiment results completely. Perturbations or other phenomenological considerations should be introduced in the typical mixing patterns such as Tri-Bi-Maximal (TBM) [7, 8] , Golden Ratio Mixing (GRM) [9, 10] , Toorop-Feruglio-Hagedorn Mixing (TFHM) [11, 12] and etc. [13] [14] [15] . However, even so, the candidate mixing pattern is not unique, we need to determine all viable leptonic mixing patterns and find differences between their physical origins and predictions. In this article, we extract all viable mixing patterns at 3σ level of mixing parameters on the basis of various combinations of correlation of elements of mixing matrix. Special correlations have been widely discussed in the literature, see Refs. [16] [17] [18] for example. We search for more general correlations to construct the leptonic mixing pattern. The method to generate general correlations is employing the combinations of elementary correlations. We propose two type of elementary correlations. By examining all possible combinations of these elementary correlations, we obtain 62 viable mixing patters, including some familiar types such as Tri-Maximal TM 1 , TM 2 [19] [20] [21] [22] , µ − τ symmetric mixing [23] [24] [25] [26] 45] and many new types. Most of these patterns could be paired via the µ − τ interchange which changes the octant of θ 23 and the sign of cos δ. Furthermore, according to the dependence of cos δ on small sin 2 θ 13 all these patterns can be classified into two types: the perturbative and nonperturbative patterns. The former could be obtained from perturbing TBM. The latter cannot be obtained from perturbing any mixing pattern whose θ 13 is zero.
In order to study the robustness of leptonic mixing models on the basis of flavor groups, the dependence of mass matrix of neutrinos on small mixing parameter sin θ 13 is discussed via special perturbative and nonperturbative mixing patterns. In general cases, a small variation of sin θ 13 may correspond to large modifications to alignment of vacuum expectation values in a mixing model on the basis of flavor groups.
The article is organized as follows: In Sec. 2 we introduce the general framework of our program, including the unitary parametrization of mixing matrix, constraints on the parameters at 3σ level, two types of elementary correlations and the µ − τ interchange. In Se. 3 we show all viable combinations of elementary correlations, including the combination of two correlations and the combination of three correlations, mixing angles and Dirac CP phases of viable patterns. In
Sec. 4 we discuss evolutions of mass matrices of neutrinos via special leptonic mixing patterns.
Finally, we present a summary.
II. GENERAL FRAMEWORK A. Unitary parametrization of leptonic mixing matrix
In order to simplify calculations of combinations of correlations, we adopt the following parametrization of leptonic mixing matrix:
where j, k, l, N are non-negative real numbers. By comparison with the standard parametrization of PMNS matirx [27] : 
where s i j ≡ sin θ i j , c i j ≡ cos θ i j , δ is the Dirac CP-violating phase, α 1 and α 2 are Majorana phases.
In our parametrization, s i j could be written as:
And the Dirac CP phase is expressed as: 
B. Elementary correlations
We propose two types of elementary correlations as follows:
These two types of correlations are implied in some familiar mixing patterns such as TBM and GRM. We examine correlations of these two types. The parameter-space of a viable correlation (or viable combination of elementary correlations) should satisfy two conditions: First, the magnitude of every element of mixing matrix is in 3σ range; Second, | cos δ(l, j, k, N)| ≤ 1. There are 9 viable type-A elementary correlations in total. They are listed as follows:
A5 :
A8 :
There are 14 viable type-B elementary correlations in total. They are written as follows:
B9 :
B12 :
In order to get general mixing patterns, all combinations of elementary correlations are examined.
The number of possible combinations is so large. However, because the octant of θ 23 and CP violation phase δ are uncertain at 3σ level, one type of combination can be converted to another type through the µ − τ interchange. µ − τ interchange is equivalent to the following transformation:
As for type-A correlations, µ − τ interchange brings following correspondences:
And correspondences in type-B correlations are:
So we first examine the parameter-space of a combination of elementary correlations. Then the examination of the corresponding combination is carried out easily.
III. COMBINATIONS OF ELEMENTARY CORRELATIONS

A. Viable combinations of two elementary correlations
There are 83 viable combinations of two elementary correlations in total. They can be classified into 3 types: Ai-Aj, Bi-Bj, and Ai-Bj, where the notation Ai-Aj means elementary correlation Ai and Aj hold at the same time. The common combinations of these three types are not counted repeatedly.
There are 12 viable Ai-Aj combinations. They are listed as follows:
There are 23 viable Bi-Bj combinations. They are listed as follows:
There are 48 viable Ai-Bj combinations. They are listed as follows:
Let us describe these viable combinations in more detail:
• Most viable combinations are paired via the µ − τ interchange. There are only 5 single combinations, among which 3 combinations are invariant under the µ − τ interchange, including A1-A2
(µ − τ symmetry), B1-B2 (TM 1 ), A4-A5 (TM 2 ). The reason why A8-B2 and A4-B14 are single is that the constraint matrix (5) is not symmetric under the µ − τ interchange. So the viable parameter-space of a combination may become unviable under the µ − τ interchange, especially when the parameter-space is small.
• For more than half of the viable combinations, their 2-dimensional parameter-spaces are not compressed obviously. There are 21 combinations whose parameter-spaces are reduced more than half compared with the non-correlation case. These combinations are: A4-A5, A7-A8, A6-A9, B1-B8, B2-B7, B1-B7, B2-B5, B3-B7, B4-B8, B4-B6, B9-B11, B10-B12, A2-B13, A2-B14, A4-B8, A4-B14, A5-B11, A6-B13, A8-B2, A8-B11, A9-B12.
• There are 17 combinations, whose octants of θ 23 are uncertain. These combinations are: A4- Their mixing patterns are listed as follows: 
where
There are 5 viable Bi-Bj-Bk combinations. Their mixing patterns are listed as follows: 
There are 35 viable Ai-Bj-Bk combinations. Their mixing patterns are listed as follows: 
− s 
There are 19 viable Ai-Aj-Bk combinations. Their mixing patterns are listed as follows: 
− s − s 
Specific mixing angles and Dirac CP phases are listed in Table I -Table III. As we can see from the expressions of |U|, there are only 6 single combinations, i.e., A1-A4-A5, A2-B1-B2, B3-B5-B7, A4-B2-B7, A7-B3-B5, A7-A4-B14, among which A1-A4-A5 and A2-B1-B2 are µ − τ symmetric. The remaining 56 combinations are paired through µ − τ interchange. According to the expressions of cos δ in tables, all viable patterns can be classified into two groups: perturbative patterns and nonperturbative patterns. There is a factor √ s in cos δ of the former pattern which could be obtained from perturbing TBM. So we could call it TBM-like pattern. In contrast, there is a factor 1 √ s in cos δ of the latter pattern which cannot be obtained from perturbing the pattern whose θ 13 is zero. There are 8 perturbative patterns, i.e., A1-A4-A5, A4-B1-B2, A5-B1-B2, A2-B1-B2, A4-A5-B1, A4-A5-B2, A3-A4-B2, A3-A5-B1. The remaining • Because of the factor √ s, for perturbative patterns, cos δ → 0 when s → 0, see A3-A4-B2, A3-A5-B1 in Table III for example. In contrast, for nonperturbative patterns, because of the factor 1 √ s , cos δ → ∞ when s → 0, see A3-A4-B6 in Table III for example. So for a nonperturbative pattern, small perturbation to s = 0 would bring very large variation of Dirac CP phase. We note that this observation has also been obtained in special mixing patterns in Ref. [43] .
• For different perturbative patterns, the difference of cos δ is very small. And the variation of δ is focused on small range around ± π 2
. We show cos δ of A5-B1-B2, A3-A4-B2 as example in Fig. 1 .
In contrast, for two similar nonperturbative patterns, the difference of cos δ could be notable. Take A1-A4-A7 and A4-B1-B6 for example, the difference between their magnitude of elements of mixing matrix is small, while the difference between their cos δ is large, see Fig. 2 .
• Except the perturbative patterns A2-B1-B2 (64) and A1-A4-A5 (39) as µ − τ symmetric combinations, cos δ = 0 cannot be obtained at 3σ level in viable patterns. In nonperturbative patterns,
we could obtain cos δ 0 for A4-B2-B7 (59), see Fig. 3 . • Trivial Dirac CP violation phases δ = 0, π cannot be obtained at 3σ level in viable patterns. In nonperturbative patterns, we could obtain cos δ −1 for B34-B5-B7 and A7-A4-B14, see Fig. 4 .
• 
IV. EVOLUTIONS OF MASS MATRICES OF SPECIAL MIXING PATTERNS
In the previous section, we have extracted all viable leptonic mixing patterns at 3σ level from the general combinations of two types of elementary correlations. These viable combinations could be classified into perturbative and nonperturbative patterns. The dependence of cos δ on sin 2 θ 13 of perturbative patterns is different to that of nonperturbative patterns. In this section, we study the dependence of neutrinos mass matrix on the small mixing parameter sin 2 θ 13 . Our physical motivation to discuss evolutions of mass matrices of special mixing patterns with sin 2 θ 13 is to examine the stability of a mixing model on the basis of flavor groups and their breaking. We want to know whether a small perturbation of sin 2 θ 13 would bring about large modifications to the assumption in a flavor model such as alignment of vacuum expectation values of scalar fields. Our discussion is qualitative and is on the basis of special leptonic mixing patterns. But the conclusions obtained here could be extended to general patterns.
A. Evolutions of mass matrices of perturbative patterns
The general perturbative or TBM-like pattern could be expressed as: 
where i j is a small correction or perturbation of order sin θ 13 . And the Dirac CP phase could be written as:
where f is a function dependent regularly on small i j , which means f(0)=0. Take the perturbative pattern A3-A5-B1 for example, we have: 
where s = sin 2 θ 13 . As for this type of patterns, one can choose TBM pattern as a zeroth-order approximation first, and then take corrections into consideration. These corrections usually come from leptonic interaction or special vacuum expectation of Higgs field or other scalar fields. A large number of papers have constructed leptonic mixing models for TBM-like patterns following this way, see Refs. [30] [31] [32] [33] [34] [35] [36] for example.
As an illustrative case, we consider mixing models of pattern A3-A5-B1. The specific mixing matrix of A3-A5-B1 is expressed as: 
In the basis where the mass matrix of charged lepton is diagonal, the mass matrix of Majorana neutrinos is written as:
20
The zeroth-order mass matrix of neutrinos M 0 ν is of the form:
where TBM mixing matrix is written as: 
Here the Majorana phases have been absorbed into the neutrino mass eigenvalues. And the correction to zeroth-order mass matrix could be written as: 
In order to construct mixing models, we could choose a special flavor group according to textures of M 0 ν and δM ν . For example, we choose A 4 as a flavor group. Following the presentation of A 4 in the Ref. [30, 37] , we could obtain the general mass matrix of neutrinos [30] : 
we could obtain the special alignment of vacuum expectation values of scalar fields. Now one may consider that we have obtained a neutrinos mixing model that could interpret the special mixing |m i | could be omitted, the correction matrix could be expressed as:
where i is of the form:
s 13 c 13 e iδ (3e
Case 2 |m 1 | < |m 2 | < |m 3 |. In this case, corrections of order s 2 13 |m 3 | cannot be omitted. The correction matrix could be expressed as:
where i is of the form: 
and the expression of 2 is the same as 2 in Case 1.
Case 3 |m 3 | < |m 1 | < |m 2 |. In this case, corrections of order s 2 13 |m i | could also be omitted, the correction matrix is the same as that in Case 1.
From corrections of elements of the mass matrix, we can see that small s 13 corresponds to small modification of the structure of the neutrinos mass matrix in the Case 1 and Case 3. However, small s 13 would change the neutrinos mass matrix notably in the Case 2. Especially, for exam- , 2) , the correction 2 brought by small s 13 is large compared with the zeroth-order element. Therefore, only when neutrinos mass scales of |m i |(i=1,2,3) approximate or when neutrinos masses are in inverted ordering, the corrections are small and could be treated as perturbation. So the structure of neutrinos the mass matrix of perturbative pattern is dependent on the mass scales of neutrinos. A small variation of s 13 may correspond to large modifications to alignment of vacuum expectation values in mixing models of Case 2. Therefore, in general, the robustness of a mixing model on the basis of flavor group is dependent on neutrinos mass scales.
Similar observations have been obtained in Refs. [38, 46] with different perturbative methods.
B. Evolutions of mass matrices of nonperturbative patterns
Different to the perturbative patterns, there is no unified formula to depict the nonperturbative mixing patterns. Because the dependence of cos δ on sin 2 θ 13 is not continuous when θ 13 → 0, we cannot obtain a nonperturbative pattern from perturbing TBM pattern. However, as a theoretical program, we could still choose a zeroth-order mixing pattern whose θ 13 0, and then take corrections into consideration, see Ref. [29] for example. On the other hand, we could survey various flavor groups and choose special residual symmetries to construct viable mixing models without extra corrections. Following this program, orders of viable discrete flavor groups are very large.
And viable mixing patterns on the basis of large finite groups are usually TM 2 , see Refs. [40] [41] [42] .
For both of these programs, in order to study the stability of the flavor model of a special mixing pattern, variation of lepton mass matrix should be examined when the perturbation of small mixing parameter is considered. As an illustrative example, we discuss the evolution of neutrinos mass matrix of pattern A5-B9-B12. The mixing matrix of A5-B9-B12 is written as:
As the Ref [46] , we introduce following parameters to describe the structure of mass matrix, i.e., 
we can see that the structure parameter ε a dependents on small parameter s In order to study the robustness of leptonic mixing models on the basis of flavor groups, evolutions of mass matrix of neutrinos have been discussed via special perturbative and nonperturbative mixing patterns. We found that the mass matrix of neutrinos is stable under the small variation of mixing parameter sin θ 13 only in special mass ordering of neutrinos. In general cases, a small variation of sin θ 13 may correspond to large modifications to alignment of vacuum expectation values in a mixing model on the basis of flavor groups. Therefore, small but nonzero sin θ 13 brings more stringent constraint on leptonic mixing models on the basis of flavor groups than usual views. A successful mixing model should not only predict viable mixing parameters but also be stable under the small variation of mixing parameter.
Finally, we note that a recent paper [44] has discussed viable patterns on the basis of type-A correlation without discussing evolutions of neutrinos mass matrices. Our work incudes both type-A and type-B correlation. We find that, in 62 viable patterns, only 3 are just from combinations of correlations of type-A. So general methods and results of our work are different from theirs.
